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Ultra-relativistic heavy ion collisions (HIC)

cartoon stolen from Internet MakeAGIF.com

Purpose: Study quark-gluon plasma (QGP)

(= early Universe, origin of mass, QCD ...)

Lesson: QGP behaves like a perfect liquid
and hydrodynamics works very well



Strong vorticity in HIC @,

cartoon stolen from Internet MakeAGIF.com

Huge angu
= QGP shou
= QGP shou

ar momentum: L ~p X x ~ 10°A

d be “rotating quickly”

d have strong vorticity w = rotv > 1 (?)
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Galaxies Typhoon Washing Helium4 | oGpinHIC :
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~ 107 1°Hz <1071 Hz < 103 Hz 10*7Hz 1012%Hz

=1~ 10 MeV

[Jiang, Lin, Liao (2017)] [Li et al. (2017)]
[Xia et a/(2018)] [Wei, Deng, Huang (2019)] ...

The STRONGEST vorticity ever in our Universe!
v" Very NEW & UNIQUE opportunity to study phys. of strong vorticity

v" Vorticity appears in various systems = interdisciplinary interest

First step: What happens to QGP ?

cf. talk by Yang, Yamamoto
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Expectation: QGP is polarized along w

because of spin-vorticity coupling

vVE->E—-—w-s (~LSforcedE <L -5s)

v' such a coupling is already confirmed in spintronics

Liquid flow

j = rot v
o |




Experimental fact = Observed

[STAR, PRC 98, 014910 (2018)]

I~  STARAu+Auys, =200 GeV
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Fl:, 5. A (A) polarization as a lunction of the collision cen
trality in AwAu collisions ai VEnn — 200 GV, Open boxes
and vertical lines show svstematic and statistical unoertain
ties, The data points for A are slightly shifted for visibilicy.

Exp. suggest w = 0(104° Hz) = O(1 ~ 10 MeV) consistent w/ theor. estimates
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How about theory?

Hydro for spin polarized QGP?

Far from complete

"." Relativistic spin hydro has NOT even been formulated !




Current status of formulation of spin hydro

v Non-relativistic case

Already established (e.g. micropolar fluid)
- applied to pheno. and is successful

- spin must be dissipative because of mutual
conversion b/w spin and orbital angular momentum

v Relativistic case
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v Non-relativistic case

Already established (e.g. micropolar fluid)
- applied to pheno. and is successful

- spin must be dissipative because of mutual
conversion b/w spin and orbital angular momentum

v Relativistic case

Some preceding works do exist, but

- only for “ideal” fluid (no dissipative corrections)

- some claim spin should be conserved (!?)
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v' Clarify spin must be dissipative
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Hvd __ An effective theory that describes spacetime
yaro = qoiution of long-wavelength modes (hydro modes)

~ v Phenomenological formulation
Step 1: Write down the conservation law: 0 = g, T#"
Step 2: Express T*" i.t.o hydro variables (constitutive relation)
Ho—=
- define hydro variables: {f,u*} (u y(l’v/c))

u? = -1
- write down all the possible tensor structures of T#Y
™ = f,(B)g"" + fL(B)utu?
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- simplify the tensor structures by (assumptions in hydro)

(1) symmetry

(2) power counting = gradient expansion

(3) other physical requirements = thermodynamics (see next slide)

v" Hydrodynamic eq. = conservation law + constitutive relation
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Expand T#" i.t.o derivatives

THY = T(%l)/ + T(‘f)/ + 0(0%) where T(’é; = eutu¥ + p(g"¥ + utu")

pv o _
because T MT(O) = (e,p,p,D)

1st law of thermodynamics says
ds = fde, s = (e + p)

With EoM 0 = 9, T#", div. of entropy current S# = su* + 0(0) can be evaluated as
d,SH = —T(’f)’aﬂ(ﬁuv) + 0(03)

25t law of thermodynamics says 9,5* > 0, which is guaranteed
as

(1)

—-T/N0,(Bu,) = in - A XXy, =0withd; >0

ex) heat current:  2p(yY) = hHyY + hVut € T(‘f)’ (u h* = 0)

= Ty 0, (Buy) = —Bh#*(B0L,B~" +uvdut) = 0

= ht = —K(ﬁalﬂ[)"l + u"avu“) withx > 0
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v Constitutive relation up to 1st order w/o spin

Ty = eubuw” + p(g" + ukuY)

wo_
Ty =

v Relativistic hydrodynamic eq. w/o spin

Hydrodynamic eq. = conservation law + constitutive relation

Euler eq. 0=29,TH ™ =Tl

Navier-Stokes eq. — 9, THV Wy _ Vv
: 0=0,T " =Ty + Ty

(*) Correctly reproduce the non-relativistic eqs. w/ u - (1,v/c) + 0((v/c)?)




Formulation of rela. hydro with spin (1/4)

v’ Strategy is the same

v Phenomenological formulation

Step 1: Write down the conservation law

Step 2: Construct a constitutive relation

- define hydro variables
- write down all the possible tensor structures
- simplify the tensor structures by e.g. thermodynamics
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Formulation of rela. hydro with spin (2/4)

Step 1: Write down the conservation laws

- (1) energy conservation - - (2) total angular momentum conservation —
0 = 9, MHF P(x) = SN )
0 = 9,TH = O )
(canonical) =0y ( + )
s 9,3haf = Taf _Tha

v Spin is not conserved if (canonical) T*¥ has anti-symmetric part T(‘;‘)’

v' There's no a priori reason (canonical) T#Y must be symmetric

— Consequence

(1) Spin must not be a hydro mode in a strict sense

(2) Nevertheless, it behaves /ike a hydro mode if T(PC‘:)’ « 1

= inclusion of dissipative nature is crucially important
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Step 2: Construct a constitutive relation for T#V, yap

— (1) define hydro variables
{B,u!}

- (2) simplify the tensor structure by thermodynamics
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Step 2: Construct a constitutive relation for T#V, yap

— (1) define hydro variables

Introduce spin chemical potential {f,u", @"'} with #*’ = —w"#
v {B,u*, "'} are independent w/ each other at this stage (w*¥ # thermal vorticity)

- (2) simplify the tensor structure by thermodynamics

Expand THv, x#%B i t.o derivatives
T* = eutu’ + p(g"¥ + utuV) + T(‘g + 0(0%), yHab = yhgab 4 0(0YH
where | defined spin density o8

Generalize 15t law of thermodynamics with spin as
ds = f(de — wy,dot’), s = (e +p — wy, ")
With EoMs, div. of entropy current S* = su#* + 0(d) can be evaluated as

a‘usu _ —T(T;) aﬂ(ﬁuV) ‘|2' av(ﬁuu) . T(If;) {au(,guv) ; av(,guu) . Zﬁa)m,} n 0(03)

v' 2 law of thermodynamics 9,S* > 0 gives strong constraint on T/

v' In global equil. 3,5* = 0, so w = vorticity (spin-vorticity coup.).




Formulation of rela. hydro with spin (/4

v Constitutive relation for 7" up to 15t order with spin —

T(’é) = eutu” + p(g"’ + utuY)
w _
Ty =
2y (af‘ VI — 278Ny wpﬂ)
“rotational (spinning) viscosity

v" Relativistic generalization of a non-relativistic micropolar fluid

v "boost heat current” is a relativistic effect

v" Relativistic hydrodynamic eq. up to 1st order with spin

_ _ pap _ ppa
0 = 0,(Tfyy + Tiy + 0(3)) u(uta®) = T — Ty +0(%)
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Linear mode analysis (1/2)

Setup: small perturbations on top of global therm. equilibrium

propagate ifIimw =0

op op
iat<6u“ ) = M( Sut ) +0(5%)
Sw#v Swﬂv
|$ 0 hydro evolution > dissipateif Imw < 0

B =Fo B =PBo+0p unstableifIimw > 0
ut = (1,0) ut = (1,0) + Sut |

Wt =0 WM’ = 0+ Sk




Linear mode analysis (2/2)

v Hydro w/o spin {f,u#} —— v Hydro with spin {B, u#, w""} -

4 gapless modes

2 sound modes w = +ck + 0(k?)
2 shear modes w = 0 + 0(k?)

where ¢ = dp/oe




Linear mode analysis (2/2)

- v Hydro w/o spin {8,u*} —

4 gapless modes

2 sound modes w = *cgk + 0(k?)
2 shear modes w = 0 + 0(k?)

where ¢ = dp/oe

- v Hydro with spin {8, u#, w"*V}

4 gapless modes
2 sound modes w = +ck + 0(k?)

2 shear modes w = 0 + 0(k?)
+ 6 dissipative gapped modes
3 “boost” modes w = —2ity ' + 0(k?)

3“spin” modes w = —2it;1 4+ 0(k?)

_ aO.iO/ain
b=""42

__ 9cY /oY
where 7, = P

v' We explicitly confirmed that spin is dissipative

v' Time-scale of the dissipation is controlled by the new viscous constants y, 4
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Summary

v Spin polarization in QGP is one of the hottest topics in HIC,
But, its theory, in particular hydrodynamic framework, is still
under construction

v Relativistic spin hydrodynamics with 15t order
dissipative corrections is formulated for the first time
based on the phenomenological entropy-current analysis

v" Spin must be dissipative because of the mutual conversion
between the orbital angular momentum and spin

v' Linear mode analysis of the spin hydrodynamic equation
also suggests that spin must be dissipative, whose time-scale
is controlled by the new viscous constants y, 1

Outlook: extension to 2"d order, Kubo formula, MHD,
application to cond-mat, numerical simulations






Linearlized hydro eq.
Mae =

where
[ Azx3 O \
—iw + (7L +7)k2  +iD.k, 0 0 0 0 0
—2iv'k, —iw + 2D, 0 0 0 0 0
Vi — 0 0 —iw+ (yL +7 k2  —iDk, 0 0 0
T o 0 0 2iv'k, —iw + 2D, 0 0 0
0 0 0 0 —iw + 2D, 0 0
0 0 0 0 0 —iw + 2Dy 0
\ 0 0 0 0 0 0 —iw+2D, ]
( —iw + 22N k2 ik, —2iDyk. \
Azwz = 'iﬂgkz —iW + |JE€§ 0
\ 2ic2 Nk, 0 —iw + 2D, )

5C = (66.67%.589% §7% 5§52 §7¥ §5v7 §50c 5500 §Gwy)!



Dispersion relations

w = —21D,.
w = —21Dy.

—2iDg — iv'kZ + O(k3).
{hlﬁcg + O(k‘i). .

W =

y

B ek, — 1 :;' ﬁl‘g + O(k?)
—2iDy — 22N k2 + O(k2).




Further simplification by EoM

The 15t order constitutive relation reads
h* = —r(Du" + J:i’f)iT).

(%)’UI;) = 2]?(’“'11-”) + THY +HY _2”5)3—#“:!} _ CHQ’HU.

(
@’E’t{;} — 2{}[”'2.4”] + oM q" = —)\( — Dut* + Jl?f)iT — 4 MY u.,,-).
M = =2 (O U — 20K AKWP),

By using LO hydro eq.,

(¢ + p)Dut = =0 p + O(9?)

%, &

we can further simplify A,g as

hH = —k + B80T + O(07)| = O(97),
e p ‘ ‘
[ 207 __
¢ = =\ | L g u,,,.-‘ +0(?).
e+ p
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